The Vibrating wire Jield-measuring technique presented here is dedicated to the problem of alignment of quadrupole magnets and is based on the following principle. The stretched wire has vibrational modes consisting of the fundamental mode and higher harmonics. The half wave length of the fundamental mode is equal to the length of the wire. Suppose there is a transverse magnetic field surrounding wire. If the frequency of the current in the wire is an eigenmode frequency of wire vibration, it will excite a corresponding harmonic. The strength and phase of excitation will depend on the field distribution along the wire. Using various frequencies and measuring amplitudes and phases of the resulting vibrations, one can extract information about the field distribution in order to reconstruct it. The field in turn shows the misalignment of quadrupoles.
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In comparison with the pulsed-wire method, see [I]-[4] , the vibrating wire technique does not require the wire length to be longer than the length of the test region, and due to its extraordinary sensitivity it does not require the higher voltage for the long wire scheme. Therefore, it may be more appropriate for some projects. Figure 1 displays the setup used in experiments and in calculations below. A wire with tension T and length 1 has the fixed ends at x = 0 and x = I . The current, I(t), in the wire, i.e., drivingcurrent, depends on time as I ( t ) = Ioexp(iwt).
THEORY
The wire crosses a region with horizontal magnetic field, BY(z), which is zero at the ends, Bv(0) = By(l) = 0.
Consider the vertical plane. There are two forces affecting the wire. They are gravity g . p, where p is mass of wire per unit of length, and the Lorentz force Bv(x) . I ( t ) .
The equation for vertical wire position, U ( Z , t ) , will be: With boundary condition:
Here term 7% describes damping. A general solution may be written in the form:
Where U,($) is the gravity term and U~(Z, t ) is the dynamic term caused by the interaction between the magnetic field and the driving current. An approximate expression for U,(%) is: 
(4) 2T
Note that at the point x = 112 function U, (x) reaches its
minimum which is the sag, S.
Function ub(X), determined by magnetic field, may be found in the following way. As ub(Z) satisfies the condition This means that to obtain the sag we only need to measure the fundamental frequency and using g = 9.80665 m/sec2 we can precisely calculate the sag.
By comparing the right and left sides of equation 8 
Consider how to obtain coefficients B, of expansion 7
and reconstruct the magnetic field knowing the wire motion at the sensor location. Suppose the wire position sensor is located at the point x = xs. Let us construct the function F ( w ) which is the time average of the product of wire position, Ud(x,, t ) , and driving current, I(t):
Note that due to weak damping the wire motion has a high quality factor Q. It causes strong resonance amplification, and if the frequency of driving current is near w,, i.e., w M w,, the resonance term F, in equation 12 will dominate over the rest, i.e. , F(w) x Fn(w). Suppose we scan the driving current frequency through one of resonance frequencies, w,. By recording both the driving current and signal from wire position sensor and doing numerical integration, (see formula 12), we can measure function Fn(w).
Then we have to fit this measurement with the formula:
where a,, b,, en are free parameters. Component B, is obtained from a, as:
Repeating this procedure for various w,, and using equation 7, we will reconstruct the magnetic field profile along the wire. Note that the resolution of reconstruction will depend on how many harmonics will be used and will be approximately equal to the shortest wavelength of the excited modes. Motion in the horizontal plane does not differ from vertical motion except for the gravity term. The next sections describe model measurements and the practical application of the vibrating wire technique. A one imeter long wire was used in the first modeling measuremient. The wire motion detector was placed 7.5 cm from one of the ends. A small permanent magnet placed along the wire created a magnetic field for testing. The strength of the field was controlled by the distance between magnet arid wire.
Figures 2 and 3 illustrate the description given in the previous section. Plots in figure 2 show the results of excitation of the first three harmonics out of thirteen which were used in the measurement. Points show the measured function F ( w ) defined in the theoretical section. A line is fit to formula 1. There is a good agreement between the measurement and fitting in all cases. The table on figure 2 shows the parameters a, obtained from fitting all 13 harmonics. and coefficients B, calculated from a,. The field distribution reconstructed by equation 7 is plotted in figure 3. It shows a very clear signal from the magnetic field. Note that the width of the signal, N 10 cm, is determined by the shortest harmonic wavelength used in the measurement.
The next experiment was to find the magnetic center of permanerit magnet quad using a longer wire. Available setup space allowed use of wire of 3m length. The test lo' 4 in range between 125 pm and 500 pm. In the beginning, the mechanical center of quad was adjusted to the wire position with traditional measuring tools, i.e., using rulers. The precision of this alignment was approximately 0.1 mm. Note that magnetic center of the quad may differ from its mechanical center.
The vibrating wire measurement gave the horizontal field distribution shown by the dotted line in figure 4 . The square at the bottom shows the location and size of the test magnet. In the measurement 30 harmonics were used, with shortest wavelength equal to 20 cm. This wavelength is 1.5 times shorter than the length of the test magnet and allowed us to see details of the field generated by magnet. This plot shows two unequal maxima of different polarities which correspond to the magnet ends. This kind of field distribution is due to a combination of tilt and shift of magnetic axes in the vertical plane relative to the wire. The solid line on figure 4 shows the final field distribution after a few iterations of measurement and adjustment of vertical quad position. The maximum amplitude is approximately 10 times less than it was in the beginning.
After the quad's magnetic center was adjusted to the wire position in the vertical and horizontal plane, using high precision optical instruments it was found that the misalignment between geometrical and magnetic center was
DISCUSSION AND CONCLUSION
Consider the time needed for measurement. The weak damping of wire vibration which gives the enormous sensitivity of the technique slows the process of measurement. After each frequency change one must wait for about 3-5 seconds to reach equilibrium of wire motion and then record signals. Due to this delay the measurement consisting of many harmonics may take a relatively long time. For example, the time for measurement consisting of 13 harmonics with 11 steps of frequency scan for each of them, (see figure 3 ), was about 10 minutes. Another example, (figure 4), consisting of the analysis of 30 harmonics required 25 minutes. However the magnet alignment described above, did not require analysis of so many harmonics. Only two of them, most sensitive to the magnet shift and tilt, were used during this procedure. The full measurements, i.e. using 30 harmonics, were done just in the beginning and at the end to verify final result.
The another aspect is the effect of non-zero field at one of the ends of wire. One can suspect that this field may have propagated an effect along wire. This arrangement has been simulated with software "Mathematica" for Macintosh and two important conclusions have been derived. The difference between "real" and "measured" field profiles is localized around the wire end in a length of region approximately equal to that of the shortest wave length and a non-zero field at the wire end does not have an effect on the determination of the field profile away from this end.
Theoretical consideration and experiments reported above demonstrate that the vibrating wire technique is a convenient method for the precise alignment of magnetic centers of a series magnetic elements. It has enormous sensitivity and does not require any special equipment.
In comparison with the pulsed-wire technique it does not need more space than the length of the test region and does not require generating very high voltage pulses on a long wire.
ACKNOWLEDGMENT
I thank James Welch, who motivated me to study the problem of magnet alignment. I am also very grateful to Boyce McDaniel, David Rice, David Rubin and Scott Chapman for help and to Alexander Mikhailichenko for useful comments.
